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CONTRACTIBLE 3-MANIFOLDS AND POSITIVE SCALAR
CURVATURE (II)
JIAN WANG
Abstract. In this article, we are interested in the question whether any
complete contractible 3-manifold of positive scalar curvature is homeo-
morphic to R3. We study the fundamental group at infinity, pi∞1 , and its
relationship with the existence of complete metrics of positive scalar cur-
vature. We prove that a complete contractible 3-manifold with positive
scalar curvature and trivial pi∞1 is homeomorphic to R
3.
1. Introduction
This paper is the sequel of [Wan19] and also devoted to the study of con-
tractible 3-manifolds which carry complete metrics of positive scalar curva-
ture. We are mainly concerned with the following question:
Question: Is any complete contractible 3-manifold of positive scalar curva-
ture homeomorphic to R3 ?
The topological structure of contractible 3-manifolds is quite complicated.
For example, Whitehead [Whi35] and McMillan [McM62] showed that there
are infinitely many mutually non-diffeomorphic contractible 3-manifolds,
such as the Whitehead manifold.
The Geometrisation Conjecture [Per02a, Per02b, Per03] and a result of
McMillan in [MJ61] tell us that a contractible 3-manifold can be written as
an ascending union of handlebodies. Remark that if there are infinitely many
handlebodies of genus zero (i.e. 3-balls), the 3-manifold is homeomorphic to
R
3.
In [Wan19], we considered a contractible genus one 3-manifold, an as-
cending union of solid tori. As mentioned above, R3 is not genus one but
genus zero, since it is an increasing union of 3-balls. In [Wan19], it was
proved that no contractible genus one 3-manifold admits a complete metric
of positive scalar curvature.
In the present paper, we study the existence of complete metrics of pos-
itive scalar curvature and its relationship with the fundamental group at
infinity.
The fundamental group at infinity, π∞1 , of a path-connected space is the
inverse limit of the fundamental groups of complements of compact subsets
(See Definition 2.3). The triviality of the fundamental group at infinity is
not equivalent to the simply-connectedness at infinity. For example, the
1
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Whitehead manifold is not simply-connected at infinity but its fundamental
group at infinity is trivial.
We prove the following theorem:
Theorem 1.1. A complete contractible 3-manifold with positive scalar cur-
vature and trivial π∞1 is homeomorphic to R
3.
However, there are uncountably many mutually non-homeomorphic con-
tractible 3-manifolds with non-trivial π∞1 . In Appendix C, we construct such
a manifold and show that this manifold has no complete metric of positive
scalar curvature.
1.1 Handlebody and Property (H) Let (M,g) be a complete contractible
3-manifold of positive scalar curvature. It is an increasing union of closed
handlebodies {Nk} (See Theorem 2.6).
In the following, we consider that M is not homeomorphic to R3. We
may assume that none of the Nk is contained in a 3-ball (i.e. homeomorphic
to a unit ball in R3) in M (See Remark 2.2). It plays a crucial role in our
argument.
In the genus one case, the family {Nk} has several good properties. For
example, the maps π1(∂Nk)→ π1(M \Nk) and π1(∂Nk)→ π1(Nk \N0) are
both injective (See Lemma 2.10 in [Wan19]). These properties are crucial
and necessary in the study of the existence of complete metrics of posi-
tive scalar curvature. In general, the family {Nk} may not have the above
properties.
For example, the map π1(∂N0) → π1(M \N0) may not be injective. To
overcome it, we use topological surgeries on N0 and find a new handle-
body to replace it. Precisely, we use the loop lemma to find an embedded
disc (D, ∂D) ⊂ (M \N0, ∂N0) whose boundary is a non-contractible simple
curve in ∂N0. The new handlebody is obtained from N0 by attaching a
closed tubular neighborhood Nǫ(D) of D in M \N0.
We repeatedly use topological surgeries on each Nk to obtain a new family
{Rk}k of closed handlebodies with the following properties, called Property
(H):
(1) the map π1(∂Rk)→ π1(Rk \R0) is injective for k > 0;
(2) the map π1(∂Rk)→ π1(M \Rk) is injective for k ≥ 0;
(3) each Rk is contractible in Rk+1 but not contained in a 3-ball in M ;
(4) there exists a sequence of increasing integers {jk}k, such that π1(∂Rk∩
∂Njk)→ π1(∂Rk) is surjective.
Remark. If M is not homeomorphic to R3, the existence of such a family
is ensured by Theorem 4.6. It is not unique. In addition, the union of such
a family may not be equal to M .
For example, ifM := ∪kNk is a contractible genus one 3-manifold, the family
{Nk} (assumed as above) satisfies the above property (Property (H))(See
Lemma 2.10 in [Wan19]).
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1.2 The Vanishing Property It is classical that the geometry of minimal
surfaces gives the topological informations for 3-manifolds. This fact ap-
peared in Schoen-Yau’s works [SY82, SY79] as well as in Gromov-Lawson’s
[GL83].
In the genus one case, the geometry of a stable minimal surface is con-
strained by the geometric index (See Property P in [Wan19]). In the higher
genus case, the behavior of a stable minimal surface is related to the funda-
mental group at infinity.
In order to clarify their relationship, let us introduce a geometric property,
called the Vanishing property. First, we consider a complete contractible
3-manifold (M,g) of positive scalar curvature which is not homeomorphic
to R3. As indicated above, there is an increasing family {Rk}k of closed
handlebodies with Property (H).
A complete embedded stable minimal surface Σ ⊂ (M,g) is called to
satisfy the Vanishing property for the family {Rk}k if there is a positive
integer k(Σ) so that for k ≥ k(Σ), any circle in Σ∩ ∂Rk is nullhomotopic in
∂Rk (See Definition 6.1).
If a complete stable minimal surface does not satisfy the Vanishing prop-
erty for {Rk}k, it gives a non-trivial element in the fundamental group at
infinity (See Lemma 6.2). As a consequence, if π∞1 is trivial, any com-
plete stable minimal surface inM has the Vanishing property for {Rk}k(See
Corollary 6.3).
1.3 The idea of the proof of Theorem 1.1 Our main strategy is to argue
by contradiction. Suppose that a complete contractible 3-manifold (M,g)
with positive scalar curvature and trivial π∞1 (M) is not homeomorphic to
R
3.
Before constructing minimal surfaces, let us introduce two notations from
3-dimensional topology. For a closed handlebody N of genus g > 0, a
meridian γ ⊂ ∂N of N is an embedded circle which is nullhomotopic in N
but non-contractible in ∂N (See Definition 3.1).
A system of meridians of N is a collection of g distinct meridians {γl}gl=1
with the property that ∂N \ ∐gl=1γ
l is homeomorphic to an open disc with
some closed subdiscs removed (See Lemma 3.9). Its existence is ensured by
Lemma 3.9.
Let {Nk}k and {Rk}k be as above. Since N0 is not contained in a 3-ball
(See Remark 2.2), the genus of Nk is greater than zero. The handlebody
Nk has a system of meridians {γ
l
k}
g(Nk)
l=1 . Roughly , there are g(Nk) disjoint
area-minimizing discs {Ωlk}l with ∂Ω
l
k = γ
l
k. Their existence is ensured by
the works of Meeks and Yau [MY80, MY82](See Theorem 6.28 of [CM11])
when the boundary ∂Nk is mean convex.
Let us explain their existence. We construct these discs by induction on
l.
When l = 1, there is an embedded area-minimizing disc Ω1k ⊂ Nk with
boundary γ1k (See [MY80, MY82] or Theorem 6.28 of [CM11]).
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Suppose that there are l disjointly embedded stable minimal discs {Ωik}
l
i=1
with ∂Ωik = γ
i
k. Our target is to construct a stable minimal surface Ω
l+1
k
with boundary γl+1k .
Let us consider the Riemannian manifold (Tk,l, g|Tk,l), where Tk,l := Nk \
∐li=1Ω
l
k. It is a handlebody of genus g(Nk)−l. For example, see the following
figure.
Ω1k
(Nk, gk)
γ1k
(Tk,1, gk|Tk,1)
Ω1k
−
γ1k
− Ω1k
+
γ1k
+
Figure 1.
The boundary of (Tk,l, g|Tk,l) consists of ∂Nk \ ∐
l
i=1γ
i
k and some disjoint
discs {Ωik
−
}li=1 and {Ω
i
k
+
}li=1. The two discs Ω
i
k
−
and Ωik
+
both come from
the same minimal disc Ωik. Therefore, the mean curvature of the boundary
of (Tk,l, g|Tk,l) is non-negative. (See Section 5.1)
In addition, {γik}i>l is a system of meridians of the handlebody (Tk,l, g|Tk,l)
Then, we use the result of Meeks and Yau to find an embedded stable
minimal surface Ωl+1k ⊂ Tk,l with boundary γ
l+1
k . These discs {Ω
i
k}
l+1
i=1 are
disjoint in Nk. This finishes the inductive construction.
If ∂Nk is not mean convex, we can deform the metric in a small neigh-
borhood of it so that for this new metric, it becomes mean convex. As
constructed above, each Ωlk is stable minimal for this new metric and for the
original one away from a neighborhood of ∂Nk (near Nk−1, for example). It
is sufficient for our proof.
Define the lamination Lk := ∐lΩ
l
k (i.e. a disjoint union of embedded
surfaces). We show that each lamination Lk intersects the compact set R0
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(Corollary 3.10). According to Colding-Mincozzi’s theory (See Appendix B
of [CM04]), the sequence {Lk}k sub-converges to a lamination L := ∪t∈ΛLt
in (M,g). Note that each leaf Lt is a complete (non-compact) stable minimal
surface.
As indicated above, since (M,g) has positive scalar curvature and π∞1 (M)
is trivial, each leaf Lt in L has the Vanishing property for {Rk}k (See
Lemma 6.2 and Corollary 6.3). Furthermore, the lamination L also satisfies
the Vanishing property (See Corollary 6.5). That is to say,
there exists a positive integer k0 such that for any k ≥ k0 and any t ∈ Λ,
any circle in Lt ∩ ∂Rk is nullhomotopic in ∂Rk.
The reason is described as follows.
We argue by contradiction. Suppose that there exists a sequence {kn}n
of increasing integers and a sequence {Ltn} of leaves in L satisfying that
Ltn ∩ ∂Rkn has at least one non-nullhomotopic circle(s) in ∂Rkn for each n.
The sequence {Ltn} smoothly subconverges to some leaf in L . For our
convenience, we may assume that the sequence {Ltn} converges to the leaf
Lt∞ . The leaf Lt∞ satisfies the Vanishing property. That is to say, there is
a positive integer k(Lt∞) such that for k ≥ k(Lt∞), any circle ∂Rk ∩ Lt∞ is
nullhomotopic in ∂Rk.
However, since Ltn∩∂Rkn has some non-null-homotopic circle in ∂Rkn , we
know that for kn > k(Lt∞), Ltn ∩ ∂Rk(Lt∞) has a meridian of Rk(Lt∞) (See
Remark 4.7 and Corollary 3.8). These meridians of Rk(Lt∞) will converge
to a meridian of Rk(Lt∞) which is contained in Lt∞ ∩ ∂Rk(Lt∞). This is in
contradiction with the last paragraph.
Let us explain how to deduce a contradiction from the Vanishing property
of L .
We can show that if Nk contains Rk0 (for k large enough), then Lk∩∂Rk0
contains at least one meridian(s) of Rk0 (See Corollary 3.10). Since Lk sub-
converges to L , then these meridians of Rk0 will sub-converge to a non-
contractible circle in L ∩ ∂Rk0 . That is to say, some leaf Lt in L contains
this non-contractible circle in ∂Rk0 . This is in contradiction with the above
fact (the Vanishing property of L ).
1.4 The plan of this paper
For the first part of the paper, we describe the topological properties
of contractible 3-manifolds. In Section 2, we recall some notations, such
as the simply-connectedness at infinity, the fundamental group at infinity
and handlebodies. In Section 3, we introduce meridian curves and meridian
discs in a handlebody. In Section 4, we introduce two types of surgeries on
handlebodies. Using these surgeries, we show the existence of an increasing
family of handlebodies with good properties, called Property (H).
In the second part, we treat minimal surfaces and related problems. In
Section 5, we construct minimal laminations and consider th
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theory of these laminations. In Section 6, we introduce the Vanishing prop-
erty and study its relation with the fundamental group at infinity. Their
relationship is clarified by Lemma 6.2.
For the third part, we give the complete proof of Theorem 1.1. In Sections
7 and 8, our proof is similar to the genus one case. In Appendix C, we
construct a contractible 3-manifold with non-trivial π∞1 . In addition, we
prove that this manifold has no complete metric of positive scalar curvature.
2. Background
2.1. Simple-connectedness at infinity and π∞1 .
Definition 2.1. A topological space M is simply connected at infinity if for
any compact set K ⊂ M , there exists a compact set K ′ containing K so
that the induced map π1(M \K
′)→ π1(M \K) is trivial.
The Poincare´ Conjecture [Per02a, Per02b, Per03] shows that any con-
tractible 3-manifold is irreducible (i.e. any embedded 2-sphere in the 3-
manifold bounds a closed 3-ball). A result of Stallings [Sta72] tells us that
the only contractible and simple-connected at infinity 3-manifold is R3.
Remark 2.2. If a contractible 3-manifold M is not homeomorphic to R3,
it is not simply-connected at infinity. That is to say, there is a compact set
K ⊂ M so that for any compact set K ′ ⊂ M containing K, the induced
map π1(M \K
′) → π1(M \K) is not trivial. We also know that the set K
is not contained in a 3-ball in M . The reason is described below:
If a closed 3-ball B, (i.e. a closed set homeomorphic to a closed unit ball in
R
3) containsK, Van-Kampen’s Theorem shows that π1(M) ∼= π1(M \B)∗π1(∂B)
π1(B). In addition, π1(B) and π1(∂B) are both trivial. Therefore, π1(M \B) ∼=
π1(M) is trivial. That is to say, the map π1(M \B)→ π1(M \K) is trivial.
This is a contradiction.
Definition 2.3. The fundamental group at infinity π∞1 of a path-connected
space is the inverse limit of the fundamental groups of complements of com-
pact subsets.
For example, the fundamental group at infinity of any compact manifold
is trivial.
For any contractible n-manifold Mn, it is simply-connected at infinity if
and only if π∞1 (M
n) is trivial, when n ≥ 4 (See [CWY10]). However, this
result is not true in dimension 3. For example, any contractible genus one
3-manifold is not homeomorphic to R3. It is not simply-connected at infinity
but its fundamental group at infinity is trivial.
Remark 2.4. Let us consider a contractible 3-manifold M . π∞1 (M) is non-
trivial if and only if there is a compact set K and a family {γk}k of circles
in M \K going to infinity with the property that for each k
1) γk is not nullhomotopic in M \K and
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2) γk is homotopic to γk+1 in M \K.
Note that such a family of circles gives a non-trivial element in π∞1 (M).
2.2. Handlebodies.
Definition 2.5 (Page 59, [Rol03]). A closed handlebody is any space ob-
tained from the closed 3-ball D3 (0-handle) by attaching g distinct copies of
D2 × [−1, 1] (1-handle) with the homeomorphisms identifying the 2g discs
D2 × {±1} to 2g disjoint 2-disks on ∂D3, all to be done in such a way that
the resulting 3-manifold is orientable. The integer g is called the genus of
the handlebody.
Let us remark that a handlebody of genus g is homeomorphic to a bound-
ary connected sum of g solid tori. Therefore, its boundary is a compact
surface of genus g. (See Page 59 in [Rol03])
From a result of McMillan [MJ61] and the proof of the Poincare´ Conjec-
ture, we know that:
Theorem 2.6. [MJ61] [Page 511, Theorem 1]Any contractible 3-manifold
can be written as an ascending union of handlebodies .
Remark 2.7. Let us consider a contractible 3-manifold M . If it is not
homeomorphic to R3, it can written as an increasing family of handlebodies
{Nk} satisfying for each k
• Nk is homotopically trivial in Nk+1;
• Nk is not contained in a 3-ball (See Remark 2.2).
3. Meridian
In this part, we consider a closed handlebody N .
Definition 3.1. An embedded circle γ ⊂ ∂N is called a meridian if γ is
nullhomotpic in N , but not contractible in ∂N .
An embedded closed disc (D, ∂D) ⊂ (N, ∂N) is called a meridian disc if
its boundary is a meridian of N .
The disc D is a splitting meridian disc, if N \ D is not connected. Its
boundary is called a splitting meridian.
The disc D is a non-splitting disc, if N \D is connected. Its boundary is
called a non-splitting meridian.
Remark. Let us consider a meridian γ of N . If γ is a splitting meridian, it
cuts ∂N into two components. The class [γ] is equal to zero in H1(∂N).
If γ is a non-splitting meridian, then ∂N \ γ is connected. The class [γ]
is a non-trivial element in H1(∂N).
3.1. Effective meridians. Consider two closed handlebodies N ′ and N
with N ′ ⊂ Int N .
Definition 3.2. A meridian γ of N is called an effective meridian relative
to N ′ if any meridian disc with boundary γ intersects the core of N ′.
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The handbody N is called an effective handlebody relative to N ′, if any
meridian of N is an effective meridian relative to N ′.
Note that if N ′ is contained in a 3-ball B ⊂ Int N , there is no effective
meridian relative to N ′.
In the following, we will repeatedly use the Loop lemma.
Lemma 3.3. [Hat00] [Theorem 3.1, Page 54]Let M be a 3-manifold with
boundary ∂M , not necessarily compact or orientable. If there is a map
f : (D2, ∂D2)→ (M,∂M) with the property that f |∂D2 is not nullhomotopic
in ∂M . Then there is an embedding h with the same property.
Remark 3.4. We may assume that h(Int D2) ⊂ Int M . The reason is
described below:
Let us consider a 1-sided open neighborhood Mǫ ∼= ∂M × [0, ǫ) of ∂M
in M . Shrinking the image of f into M(ǫ) := M \ Mǫ, we find a map
fǫ : (D
2, ∂D2) → (M(ǫ), ∂M(ǫ)) with the property that fǫ(∂D
2) is not
nullhomotopic in ∂M(ǫ). We use Lemma 3.3 to find an embedding hǫ with
the same property. Its image stays in (M(ǫ), ∂M(ǫ)). Therefore, the image
of hǫ is contained in Int M .
In addition, there is an embedded circle γ ⊂ ∂M which is homotopic to
hǫ(∂D
2) in M ǫ. There is an embedded annulus Aǫ ⊂ Mǫ joining γ and
hǫ(∂D
2). We have a map h : (D2, ∂D2)→ (M,∂M) so that its image is an
embedded disc (i.e. the union of Aǫ and the image of hǫ). It has the same
property as f and h(Int D2) ⊂ Int M .
Lemma 3.5. Let N ′ and N be two closed handlebodies with N ′ ⊂ Int N .
The handlebody N is an effective handlebody relative to N ′ if and only if the
map π1(∂N)→ π1(N \N ′) is injective.
Proof. If N is not an effective handlebody relative to N ′, there is a meridian
disc (D, ∂D) ⊂ (N, ∂N) with D ∩ N ′ = ∅. Therefore, the map π1(∂N) →
π1(N \N ′) is not injective.
If the map π1(∂N)→ π1(N \N ′) is not injective, we apply Lemma 3.3 to
the 3-manifold N \N ′. There is an embedded disc (D′, ∂D′) ⊂ (N \N ′, ∂N)
whose boundary is not contractible in ∂N . As in Remark 3.4, we may
assume that Int D′ ⊂ Int (N \N ′). We see that D′ is a meridian disc with
D′ ∩N ′ = ∅. Therefore, N is not an effective handlebody relative to N ′.
This finishes the proof. 
We now introduce some notations about circles in a disc.
Definition 3.6. (See Definition 2.11 of [Wan19])Let C := {ci}i∈I be a
finite set of pairwise disjoint circles in the disc D2 and Di ⊂ D
2 the unique
disc with boundary ci. Consider the set {Di}i∈I and define a partially
ordered relation induced by the inclusion. For each maximal element Dj in
({Di}i∈I ,⊂), its boundary cj is defined as a maximal circle in C. For each
minimal element Dj , its boundary cj is called a minimal circle in C.
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Lemma 3.7. Let N ′ and N be two closed handlebodies satisfying 1) N ′ ⊂
Int N and 2) π1(∂N
′) → π1(N \N ′) is injective. If N is an effective han-
dlebody relative to N ′, then any meridian disc (D, ∂D) ⊂ (N, ∂N) contains
a meridian of N ′.
The proof is the same as the proof of Lemma 2.12 in [Wan19].
Proof. Suppose that the closed meridian disc D intersects ∂N ′ transversally
where γ := ∂D is a meridian of N . The intersection D ∩ ∂N ′ is a disjoint
union of circles {ci}i∈I . Each ci bounds a unique closed disc Di ⊂ Int D.
Consider the set Cnon := {ci | ci is not contractible in ∂N
′} and the set
Cmax = {ci| ci is a maximal circle in {ci}i∈I}.
We will show that Cnon is nonempty and a minimal circle in Cnon is a
desired meridian.
Suppose the contrary that Cnon is empty. Hence, each ci ∈ C
max is
contractible in ∂N ′ and bounds a disc D′i ⊂ ∂N
′. Consider the immersed
disc
Dˆ := (D \ ∪ci∈CmaxDi) ∪ (∪ci∈CmaxD
′
i)
with boundary γ. Since Dˆ ∩ Int N ′ = ∅, we see that γ is contractible in
N \N ′.
However, Lemma 3.5 shows that the map π1(∂N) → π1(N \N ′) is in-
jective. That is to say, the circle γ is nullhomotopic in ∂N . This is in
contradiction with our hypothesis that γ is non-trivial in π1(∂N). We con-
clude that Cnon 6= ∅.
In the following, we will prove that each minimal circle cj in C
non is a
required meridian. From Definition 3.1, it is sufficient to show that cj is
homotopically trivial in N ′. Our strategy is to construct an immersed disc
Dˆj ⊂ N
′ with boundary cj.
Let Cj := {ci |ci ⊂ Int Dj for i ∈ I} and C
max
j be the set of maximal
circles in Cj . We now have two cases: Cj = ∅ or Cj 6= ∅.
Case I: If Cj is empty, we consider the set Z := Int Dj and define the
disc Dˆj as Int Dj .
Case II: If Cj is not empty, then C
max
j is also nonempty. From the
minimality of cj in C
non, each ci ∈ C
max
j is nullhomotopic in ∂N
′ and
bounds a disc D′′i ⊂ ∂N
′.
Define the set Z := Int Dj \ ∪ci∈Cmaxj Di and the new disc Dˆj := Z ∪
(∪ci∈Cmaxj D
′′
i ) with boundary cj .
Let us explain why Dˆj is contained in N
′. In any case, ∂N ′ cuts N into
two connected components, N \ N ′ and Int N ′. The set Z is one of these
components of Int Dj \ ∂N
′. Therefore, it must be contained in Int N ′ or
N \N ′.
If Z is in N \N ′, then the disc Dˆj is contained in N \N ′. This shows that
cj is contractible in N \N ′. However, since the induced map π1(∂N
′) →
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π1(N \N ′) is injective, then cj is homotopically trivial in ∂N
′. This contra-
dicts the choice of cj ∈ C
non. We conclude that Z is contained in Int N ′.
Therefore, Dˆj is contained in N
′. That is to say, cj is null-homotopic in
N ′. However, [cj ] is a non-trivial element in π1(∂N
′). From Definition 3.1,
we conclude that cj ⊂ D is a meridian of N
′. This finishes the proof. 
As a consequence, we have
Corollary 3.8. Let N ′ and N be two closed handlebodies in a contractible
3-manifold M satisfying that 1) N ′ ⊂ Int N and 2) the map π1(∂N
′) →
π1(M \N ′) is injective. If an embedded circle γ ⊂ ∂N is not nullhomotopic
in M \N ′, then any embedded disc D ⊂ M with boundary γ contains a
meridian of N ′.
The proof is the same as Lemma 3.7.
3.2. Non-splitting meridians.
Lemma 3.9. For a closed handlebody N of genus g, there are g disjoint
non-splitting meridians {γl}gl=1 so that N \ ∐lNǫl(Dl) is a closed 3-ball,
where Dl is a closed meridian disc with boundary γ
l and Nǫl(Dl) is an open
neighborhood of Dl in N with small radius ǫl .
The set of these meridians {γl}gl=1 is called a system of the handlebody N
of genus g. It is not unique.
Proof. Pick any non-splitting meridian γ1 of N . We use Lemma 3.3 to find
an embedded disc D1 ⊂ N .
As in Remark 3.4, we may assume that Int D1 ⊂ Int N . The set N1 :=
N \Nǫ(D1) is a closed handlebody of genus g−1, where Nǫ1(D1) is the open
tubular neighborhood of D1 in N with small radius ǫ1. In particular, the
map π1(∂N ∩ ∂N1)→ π1(∂N1) is surjective.
Choose a non-splitting meridian γ2 ⊂ ∂N ∩ ∂N1 of N1. By Lemma 3.3,
there exists a meridian disc D2 of N1 = N \ Nǫ1(D1). The set N2 :=
N \Nǫ1(D1)∐Nǫ2(D2) is a closed handlebody of genus g−2, where Nǫ2(D2)
is an open tubular neighborhood of D2 in N .
We repeat this process g − 2 times and obtain g disjointly embedded
discs {Dl} so that N \ ∐lNǫl(Dl) is a handlebody of genus zero (a 3-ball).
The boundaries {γl}gl=1 of these discs are g distinct meridians which are the
required candidates in the assertion. 
Corollary 3.10. Let N ⊂M , {γl} and {Dl} be as in Lemma 3.9, where M
is a 3-manifold without boundary. If R ⊂ Int N is a closed handlebody sat-
isfying that 1) it is not contained in a 3-ball in M ; 2) π1(∂R)→ π1(M \R)
is injective, then ∂R ∩ ∐lDl contains at least a meridian of R.
The poof is also similar to the proof of Lemma 2.12 [Wan19].
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Proof. We may assume that ∂R intersects ∐lDl transversally. The intersec-
tion ∂R ∩ ∐Dl := {γ}γ∈C has finitely many components. Let us consider
the set Cnon := {γ ∈ C is not contractible in ∂R}.
Claim: Cnon is nonempty.
We argue by contradiction. Suppose that Cnon is empty. We see that any
circle in Dl∩∂R is contractible in ∂R. As in the proof of Lemma 3.7, we get
a new disc in N \R with boundary γl. Therefore, each γl is null-homotopic
in N \R.
We use Lemma 3.3 to find an embedded disc D′1 ⊂ N \R with boundary
γ1. As in Remark 3.4, we may assume that Int D′1 ⊂ Int N \R (or D
′
1 ⊂
N \R). Choose an open tubular neighborhood Nǫ′
1
(D′1) of D
′
1 in N \R with
small radius ǫ′1. The set N
′
1 := N \Nǫ′1(D
′
1) is a closed handlebody of genus
g − 1 containing R.
In addition, for l > 1, γl is a non-splitting meridian of N ′1 but contractible
in N \ (Nǫ′
1
(D′1) ∐R).
Repeating this process g − 1 times, we obtain g embedded discs {D′l}
g
l=1
so that
1) R ∩ ∐lNǫ′
l
(D′l) = ∅;
2) The handlebody N \ ∐lNǫ′
l
(D′l) is of genus zero (a closed 3-ball),
where Nǫ′
l
(D′l) is an open tubular neighborhood of D
′
l in N with small radius
ǫ′l.
Therefore, R is contained in the 3-ball N \ ∐lNǫ′
l
(D′l). This contradicts
our hypothesis. The claim follows.
As in the proof of Lemma 3.7, we use the condition 2) to show that each
minimal circle in Cnon is a required meridian. 
4. Effective Handlebody
4.1. Surgeries. Consider two closed handlebodiesN ′ andN in a 3-manifold
M with N ′ ⊂ Int N . We introduce two types of surgeries on handlebodies:
Type I: If there exists a meridian disc D ⊂ N \N ′ of N , then we consider
an open tubular neighborhood Nǫ(D) ⊂ N \ N
′ of D. We then have two
cases:
Case (1): If D is a splitting meridian disc, N \Nǫ(D) has two components.
The closed handlebody W1 is defined as the component containing N
′;
Case(2): If D is a non-splitting meridian disc, N \ Nǫ(D) is connected.
The closed handlebody W1 is defined by N \Nǫ(D).
Type II: If there exists an embedded disc D1 ⊂ M \N satisfying that 1)
Int D1 ⊂M \N and 2) its boundary γ ⊂ ∂N is not contractible in ∂N , we
consider a closed tubular neighborhood Nǫ1(D1) of D1 in M \N . Define a
new handlebody W2 as N ∪Nǫ1(D1).
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Remark 4.1. For i = 1, 2, the genus g(∂Wi) of ∂Wi is less than g(∂N). In
addition, ∂Wi is a union of ∂Wi ∩ ∂N and some disjoint discs. It tells us
that the map π1(∂Wi ∩ ∂N)→ π1(∂Wi) is surjective.
Lemma 4.2. If N ′ is homotopically trivial in N , then N ′ is also homotopi-
cally trivial in Wi for each i, where Wi is obtained from the above surgeries.
Proof. For the type II surgery, we see that N is contained in W2. Therefore,
N ′ is homotopically trivial in W2.
For the type I surgery, it is sufficient to show that any circle c ⊂ N ′
bounds some disc Dˆ′ ⊂W1.
The closed curve c bounds an immersed disc D′ ⊂ Int N . We will con-
struct the required disc Dˆ′ ⊂W1 from D
′.
We may assume that D′ intersects D−∐D+ := Int N ∩∂Nǫ(D
′) transver-
sally. Each component ci of D
′ ∩ (D+ ∐D−) is a circle in D′ and bounds a
closed sub-disc D′i ⊂ D
′.
SinceD+ andD− are two disjoint discs, each ci is contractible inD
+∐D−.
It also bounds a disc D′′i ⊂ D
+ ∐D−. Let Cmax be the set of the maximal
circles of {ci}i∈I in D
′. We construct a disc
Dˆ′ := D′ \ ∪ci∈CmaxD
′
i ∪ (∪ci∈CmaxD
′′
i )
with boundary c. It stays in N \Nǫ(D′). That is to say, c is contractible in
W1. Therefore, N
′ is homotopically trivial in W1. 
4.2. Existence of effective handlebodies. In the following, let us con-
sider a contractible 3-manifold M .
Theorem 4.3. Let N ′ and N be two closed handlebodies in M satisfying
that 1) N ′ ⊂ Int N and 2) N ′ is homotopically trivial in N .Then there exists
a closed handlebody R ⊂M containing N ′ satisfying that
(1) the map π1(∂R)→ π1(R \N ′) is injective;
(2) the map π1(∂R)→ π1(M \R) is injective;
(3) N ′ is contractible in R;
(4) ∂R is a union of ∂R ∩ ∂N and some disjoint discs.
Remark. From (1), R is an effective handlebody relative to N ′ (Lemma
3.5).
Proof. Suppose that either the map i1 : π1(∂N) → π1(N \N ′) is not injec-
tive or the map i2 : π1(∂N) → π1(M \N) is not injective. (If these two
maps are both injective, R is defined as N .)
If i1 is not injective, Lemma 3.3 shows that there exists a meridian disc
D1 of N with D1 ∩ N
′ = ∅. We do the type I surgery on N with the disc
D1 to obtain a new handlebody W .
If i2 is not injective, we use Lemma 3.3 to find an embedded circle γ ⊂ ∂N
and an embedded disc D2 ⊂ M \N (Int D2 ⊂ M \ N) where γ = ∂D2 is
not nullhomotopic in ∂N . We do the type II surgery with the disc D2 to
get a new handlebody W .
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In any case, we have that g(∂W ) < g(∂N). The boundary ∂W is a
union of ∂W ∩ ∂N and some disjoint discs {D′i}i. Therefore, π1(∂W ∩
∂N)→ π1(∂W ) is surjective. In addition, from Lemma 4.2, we see that N
′
is contractible in W .
When picking a circle γ ⊂ ∂W which is not nullhomotopic in ∂W , we
may assume that γ is an embedded circle in ∂W ∩ ∂N . Therefore, when
repeating these two types of surgeries, we may assume that the new surgeries
are operated away from these disjoint discs {D′i}.
Iterate this process until we find a handlebody R satisfying (1) and (2).
At each step, the genus of the handlebody obtained from the surgery is less
than the original one. Therefore, this process stops in no more than g(N)
steps.
As above, N ′ is contractible in R and ∂R is a union of ∂R∩∂N and some
disjoint discs. 
Remark. If N ′ is not contained in a 3-ball in M , then the genus of R is
greater than zero.
Lemma 4.4. Let R ⊂ M be a closed effective handlebody relative to the
closed handlebody N ′ ⊂ Int R satisfying π1(∂R) → π1(M \R) is injective.
If a closed handlebody N is an effective handlebody relative to R ⊂ Int N ,
then N is an effective handlebody relative to N ′.
Proof. Based on Lemma 3.5, it is sufficient to show that the map π1(∂N)→
π1(N \N ′) is injective.
We use Lemma 3.5 to show that the induced map π1(∂R)→ π1(R \N ′) is
injective. Since π1(∂R) → π1(M \R) is injective, then the map π1(∂R) →
π1(N \R) is also injective.
Van Kampen’s theorem gives an isomorphism between π1(N \N ′) and
π1(N \R) ∗π1(∂R) π1(R \N
′). A classical result (See [Theorem 11.67, Page
404] in [Rot12]) shows that the induced map π1(N \R) → π1(N \N ′) is
injective.
Lemma 3.5 shows that the map π1(∂N)→ π1(N \R) is injective. There-
fore, the composition π1(∂N) → π1(N \R) → π1(N \N ′) is also injective.
This finishes the proof. 
4.3. Property (H). In the following, let us consider a contractible 3-manifold
M which is not homeomorphic to R3.
By Theorem 2.6,M can be written as an ascending union of handlebodies
{Nk}
∞
k=0. EachNk is contractible inNk+1. As in Section 2, we can chooseN0
so that it is not contained in a 3-ball inM (becauseM is not homeomorphic
to R3) (See Remark 2.2).
In the genus one case, the family {Nk} has several good properties. For
example, each Nk is an effective handlebody relative to N0 and the map
π1(∂Nk) → π1(M \Nk) is injective (See Lemma 2.10 of [Wan19]). These
properties are necessary and crucial in our proof. In general, the family {Nk}
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may not have these properties. To overcome this difficulty, we introduce a
topological property, called Property (H).
Definition 4.5. A family {Rk}k of handlebodies in a contractible 3-manifold
M := ∪kNk is said to have Property (H) if it satisfies that
(1) the map π1(∂Rk)→ π1(Rk \R0) is injective for k > 0;
(2) the map π1(∂Rk)→ π1(M \Rk) is injective for k ≥ 0;
(3) each Rk is contractible in Rk+1 but not contained in a 3-ball in M ;
(4) there exists a sequence of increasing integers {jk}k, such that π1(∂Rk∩
∂Njk)→ π1(∂Rk) is surjective.
where {Nk} is assumed as in Section 2.
For example, in a contractible genus one 3-manifold M = ∪kNk, the
family {Nk} satisfies Property (H) (See Lemma 2.11 of [Wan19]). In the
following, we will prove that if a contractible 3-manifold M is not home-
omorphic to R3, there is a family of handlebodies with Property (H) (See
Theorem 4.6). However, such a family is not unique and the union of such
a family may not be equal to M .
Theorem 4.6. If a contractible 3-manifold M := ∪kNk (as above) is not
homeomorphic to R3, then there is an ascending family {Rk}k of closed
handlebodies in M satisfying
(1) the map π1(∂Rk)→ π1(Rk \R0) is injective for k > 0;
(2) the map π1(∂Rk)→ π1(M \Rk) is injective for k ≥ 0;
(3) each Rk is contractible in Rk+1 but not contained in a 3-ball in M ;
(4) there exists a sequence of increasing integers {jk}k, such that π1(∂Rk∩
∂Njk)→ π1(∂Rk) is surjective.
Remark 4.7.
(1) The union ∪kRk may be not equal to M .
(2) For k > 0, Van-Kampen’s Theorem gives an isomorphism between
π1(M \R0) and π1(M \Rk) ∗π1(∂Rk) π1(Rk \R0). Based on (1) and
(2) in Theorem 4.6, we use [Theorem 11.67, Page 404] in [Rot12] to
show that the map π1(∂Rk)→ π1(M \R0) is injective.
(3) As (4) in Theorem 4.3, ∂Rk is the union of ∂Rk ∩ ∂Njk and disjoint
discs.
Proof. First, we construct R0. We repeatedly apply the Type II surgery
to N0, until we find a handlebody R0 containing N0 so that π1(∂R0) →
π1(M \R0) is injective.
From Remark 4.1, we see that, at each step, the genus of the handlebody
obtained from the surgery is less than the original one. Therefore, this
process stops in no more than g(N0) steps.
In addition, since N0 is not contained in a 3-ball in M , then R0 has the
same property.
It remains to construct the sequence {Rk}k inductively.
POSITIVE SCALAR CURVATURE II 15
When k is equal to 1, we pick a handlebody Nj1 containing R0 satisfying
that R0 is homotopically trivial in Nj1 . Its existence is ensured by the
following fact:
Because R0 is compact, there is some handlebody Nj1−1 containing R0.
Since Nj1−1 is homotopically trivial in Nj1 , R0 is contained in Nj1 and
contractible in Nj1 .
By Theorem 4.3, there exists a handlebody R1 containing R0 so that
• π1(∂R1)→ π1(R1 \R0) is injective;
• π1(∂R1)→ π1(M \R1) is injective;
• R0 is contractible in R1;
• ∂R1 is a union of ∂R1 ∩ ∂Nj1 and some disjoint closed discs. There-
fore, π1(∂R1 ∩ ∂Nj1)→ π1(∂R1) is surjective.
In particular, since R0 is not contained in a 3-ball in M , R1 has the same
property.
Suppose that there exists a handlebody Rk−1 and a positive integer jk−1
satisfying (1), (2), (3) and (4) in Theorem 4.6.
As the existence of Nj1 , there exists a handlebody Njk containing Rk−1
satisfying that Rk−1 is homotopically trivial in Njk . We use Theorem 4.3 to
find an effective handlebody Rk relative to Rk−1 satisfying (2), (3) and (4).
Since the map π1(∂Rk−1) → π1(Rk−1 \R0) is injective, Rk−1 is an effec-
tive handlebody relative to R0 (Lemma 3.5). Lemma 4.4 shows that Rk is
an effective handlebody relative to R0. We apply Lemma 3.5 again and get
that Rk also satisfies (1). This finishes the proof. 
5. Minimal Surfaces and Laminations
In this section we assume that (M,g) is a complete Riemannian manifold
of positive scalar curvature, where M := ∪kNk is a contractible 3-manifold
but not homeomorphic to R3.
As in Section 2, we may assume that each Nk is homotopically trivial
in Nk+1. Since M is not homeomorphic to R
3, then we may choose N0
satisfying that it is not contained in a 3-ball in M (See Remark 2.2).
In addition, for each k, the genus of Nk is greater than zero. (If not, there
is some handlebody Nk of genus zero, namely a 3-ball. That is to say, N0
lies in a 3-ball Nk which is in contradiction with the last paragraph.)
5.1. Minimal Laminations. From Lemma 3.9, each Nk has a system of
meridians {γlk}
g(Nk)
l=1 , where g(Nk) is the genus of Nk. Our target now is to
construct a lamination Lk := ∪lΩ
l
k ⊂ Nk (i.e. a disjoint union of embedded
surfaces) with ∂Ωlk = γ
l
k and “good” properties.
As in [Wan19], we use a result of Meeks and Yau (See [Theorem 6.26
Page 244] in [CM11]) to construct them. However, it requires a geometric
condition that the boundary of ∂Nk is mean convex. Then we construct a
new metric gk over Nk so that
1) gk|Nk−1 is equal to g|Nk−1 ;
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2) The boundary ∂Nk is mean convex for gk.
As in Section 5.1 of [Wan19], the metric gk is constructed as follows:
Let h(t) be a positive smooth function on R so that h(t) = 1, for any t ∈
R \ [−ǫ, ǫ]. Consider the function f(x) := h(d(x, ∂Nk)) and the metric
gk := f
2g|Nk . For the metric gk, the mean curvature Hˆ(x) of ∂Nk is
Hˆ(x) = h−1(0)(H(x) + 2h′(0)h−1(0))
Choosing ǫ small enough and a function h with h(0) = 2 and h′(0) >
2maxx∈∂Nk |H(x)|+ 2, one gets the required metric gk.
Let us describe the inductive construction of {Ωlk}
g(Nk)
l=1 .
When l = 1, there is an embedded area-minimizing disc Ω1k ⊂ Nk with
boundary γ1k (See Theorem 6.28 of [CM11]).
Suppose that there are l disjointly embedded stable minimal discs {Ωik}
l
i=1
with ∂Ωik = γ
i
k.
Let us consider the Riemannian manifold (Tk,l, gk|Hk,l), where Tk,l :=
Nk \ ∐
l
i=1Ω
l
k. It is a handlebody of genus g(Nk) − l. For example, see the
following figure.
Ω1k
(Nk, gk)
γ1k
(Tk,1, gk|Tk,1)
Ω1k
−
γ1k
− Ω1k
+
γ1k
+
Figure 2.
The boundary of (Tk,l, gk|Tk,l) consists of two different parts. One is ∂Nk \
∐li=1γ
i
l . The mean curvature is positive on this part. The other is 2l disjoint
discs {Ωik
−
}li=1 and {Ω
i
k
+
}li=1. The two discs Ω
i
k
−
and Ωik
+
are two sides of
the same minimal disc Ωik. The mean curvature vanishes on these discs.
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Therefore, the mean curvature of the boundary of (Tk,l, gk|Hk,l) is non-
negative. In addition, {γik}i>l is a system of meridian of the handlebody
(Tk,l, gk|Tk,l)
Then, we use the result of Meeks and Yau (See Theorem 6.28 of [CM11]) to
find an embedded stable minimal surface Ωl+1k in the closure of (Tk,l, gk|Tk,l)
with boundary γl+1k . The strong maximum principle for minimal surfaces
(See [Corollary 1.28, Page 52] of [CM11]) tells that Int Ωl+1k is contained
in Int Tk,l. That is to say, {Ω
i
k}
l+1
i=1 are disjoint stable minimal surfaces for
(Nk, gk).
This finishes the inductive construction.
To sum up, there exist g(Nk) disjointly embedded meridian discs {Ω
l
k}.
Define the lamination Lk by ∐lΩ
l
k. It is a stable minimal lamination for
the new metric gk and for the original one away from ∂Nk (near Nk−1, for
example).
The set Lk ∩ Nk−1 is a stable minimal lamination in (M,g). Each leaf
has its boundary contained in ∂Nk−1.
We know that each lamination Lk intersects N0. The reason is below:
If the set Lk ∩N0 is empty, we choose a tubular neighborhood N(Lk) in
Nk with small radius so that the set N(Lk) ∩N0 is also empty. That is to
say, N0 lies in the handlebody Nk \N(Lk) of genus zero (i.e. a 3-ball). This
is in contradiction with our assumption that N0 is not contained in a 3-ball.
5.2. Limit of laminations. First, we recall a classical convergence theorem
for minimal surfaces.
Definition 5.1. In a complete Riemannian 3-manifold (M,g), a sequence
{Σn} of immersed minimal surfaces converges smoothly with finite multiplic-
ity (at most m) to an immersed minimal surface Σ, if for each point p of Σ,
there is a disc neighborhoodD in Σ of p, an integer m and a neighborhood U
of D inM (consisting of geodesics ofM orthogonal to D and centered at the
points of D) so that for n large enough, each Σn intersects U in at most m
connected components. Each component is a graph over D in the geodesic
coordinates. Moreover, each component converges to D in C2,α-topology as
n goes to infinity.
Note that in the case that each Σn is embedded, the surface Σ is also
embedded. The multiplicity at p is equal to the number of connected com-
ponent of Σn∩U for n large enough. It remains constant on each component
of Σ.
Remark 5.2. Let us consider a family {Σn}n of properly embedded minimal
surfaces converging to the minimal surface Σ with finite multiplicity. Fix a
compact simply-connected subset D ⊂ Σ. Let U be the tubular neighbor-
hood of D inM with radius ǫ and π : U → D the projection from U onto D.
It follows that the restriction π|Σn∩U : Σn ∩U → D is a m-sheeted covering
map for ǫ small enough and n large enough, where m is the multiplicity.
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Therefore, the restriction of π to each component of Σn ∩ U is also a
covering map. Hence, since D is simply-connected, it is bijective. Therefore,
each component of Σn ∩ U is a normal graph over D.
Theorem 5.3. (See [Compactness Theorem, Page 96] of [And85] and [The-
orem 4.37, Page 49] of [IRR02]) {Σk}k∈N be a family of properly embedded
minimal surfaces in a 3-manifold M3 satisfying (1) each Σk intersects a
given compact set K0; (2) for any compact set K in M , there are three con-
stants C1 = C1(K) > 0, C2 = C2(K) > 0 and j0 = j0(K) ∈ N such that for
each k ≥ j0, it holds that
(1) |AΣk |
2 ≤ C1 on K ∩ Σk, where |AΣk |
2 is the square length of the
second fundamental form of Σk
(2) Area(Σk ∩K) ≤ C2.
Then, after passing to a subsequence, Σk converges to a properly embedded
minimal surface with finite multiplicity in the C∞-topology.
Note that the limit surface may be non-connected.
Let us consider the sequence {Lk} and its limit. However, this sequence
may not hold Condition (2) in Theorem 5.3 (See Section 5.2 of [Wan19]).
Therefore, {Lk} may not sub-converge with finite multiplicity. To over-
come it, we consider the convergence to a lamination. Colding-Minicozzi’s
theory [CM04] shows that this sequence {Lk} sub-converges. Precisely,
from [Proposition B.1, Page 610] in [CM04], this sequence sub-converges
to a lamination L in (M,g), where each leaf is a complete stable (non-
compact) embedded minimal surface in (M,g). See the details in Section
5.2 of [Wan19].
5.3. Properness of the Limit Surfaces. To sum up, there is a family
{Lk}k of laminations sub-converging to a lamination L . Each leaf in L is
a complete (non-compact) embedded stable minimal surface in (M,g).
The remaining question is whether each leaf is properly embedded. The
following theorem gives an answer.
Theorem 5.4. [Wan19]Let (M,g) be a complete oriented 3-manifold with
positive scalar curvature κ(x). Assume that Σ is a complete non-compact
stable minimal surface in M . Then, one has,∫
Σ
κ(x)dv ≤ 2π,
where dv is the volume form of the induced metric ds2 over Σ. Moreover, if
Σ is an embedded surface, then Σ is proper.
We will prove it in Appendix B.
6. The Vanishing Property
Let us consider a complete contractible Riemannian 3-manifold (M,g) of
positive scalar curvature and a complete (non-compact) embedded stable
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minimal surface Σ ⊂ (M,g). From Theorem 2 of [SY82] and Theorem 5.4,
the surface Σ is a properly embedded plane (i.e. it is diffeomorphic to R2).
In the genus one case, the geometry of such a stable minimal surface is
constrained by Property P (See Theorem 4.2 of [Wan19]). In general, its
geometry is related with the fundamental group at infinity.
In the following, we assume that M := ∪kNk is not homeomorphic to
R
3 where {Nk} is assumed as in Section 2. By Theorem 4.6, there is an
increasing family {Rk}k of closed handlebodies with Property (H).
Definition 6.1. A complete embedded stable minimal surface Σ ⊂ (M,g) is
called to satisfy the Vanishing Property for {Rk}k, if there exists a positive
integer k(Σ) so that for any k ≥ k(Σ), any circle in Σ ∩ ∂Rk is contractible
in ∂Rk.
Let us consider a stable minimal lamination L ⊂ (M,g), where each leaf
is a complete (non-compact) stable minimal surface. It is called to have the
Vanishing Property for {Rk}k, if there is a positive integer k0 so that for
any k ≥ k0 and each leaf Lt in L, then any circle in Lt∩∂Rk is contractible
in ∂Rk.
We will prove in Corollary 6.3 and Corollary 6.5 that if π∞1 (M) is trivial,
any stable minimal lamination has the Vanishing property for {Rk}k, where
{Rk}k comes from Theorem 4.6.
Lemma 6.2. Let (M,g) be a complete contractible Riemannian 3-manifold
with positive scalar curvature κ(x) > 0 and {Rk}k a family of handlebodies
with Property (H). If a complete embedded stable minimal surface Σ does
not satisfy the Vanishing property for {Rk}k, then π
∞
1 (M) is non-trivial.
Roughly, there is a sequence of non-trivial circles in Σ going to infinity.
This sequence gives a non-trivial element in π∞1 (M).
Proof. Since Σ does not satisfy the Vanishing property for {Rk}, there exists
a sequence {kn}n of increasing integers so that for each kn, there is a circle
γn ⊂ ∂Rkn ∩ Σ which is not nullhomotopic in ∂Rkn . By [Theorem 2, Page
211] in[SY82], Σ is conformally diffeomorphic to R2. Each γn bounds a
unique closed disc Dn ⊂ Σ.
However, γn may not be a meridian of Rkn . We will choose a meridian in
Dn of Rkn to replace it.
Since the map π1(∂Rkn)→ π1(M \Rkn) is injective (See Definition 4.5),
we use Corollary 3.8 to see that Dn contains at least one meridian of Rkn .
Without loss of generality, we may assume that γn is a meridian of Rkn and
Int Dn has no meridian of Rkn . (If not, we can replace γn by the meridian
in Int Dn).
Since {γn}n is a collection of disjointly embedded circles in Σ, one of the
following holds: for each n and n′
• Dn ⊂ Dn′ ;
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• Dn′ ⊂ Dn;
• Dn ∩Dn′ = ∅.
Based on our assumption, we know that
(∗) : for any n′ > n, Dn ⊂ Dn′ or Dn ∩Dn′ = ∅.
The reason is below: If not, Dn′ is a subset of Dn. Since γn′ is not con-
tractible inM \R0 (See Remark 4.7) and the map π1(∂Rkn)→ π1(M \Rkn)
is injective, we use Corollary 3.8 to see that Dn′ ⊂ Int Dn contains at least
one meridian of Rkn . This is in contradiction with the above assumption.
We will show that there is an increasing subsequence of {Dn}. Further-
more, the boundaries of these discs in the subsequence gives a non-trivial
element in π∞1 (M).
Step 1: the existence of the ascending subsequence of {Dn}.
We argue by contradiction. Suppose these is no ascending subsequence
in {Dn}. Consider the partially ordered set ({Dn}n,⊂) induced by the
inclusion. Let C be the set of minimal elements in ({Dn}n,⊂). These discs
in C are disjoint in Σ.
If the set C is finite, we consider the integer n0 := max{n|Dn ∈ C}. From
the above fact (∗), the subsequence {Dn}n>n0 is an increasing subsequence,
which contradicts our hypothesis. Therefore, we can conclude that the set
C is infinite. That is to say, there is a subsequence {Dns}s of disjointly
embedded discs.
From Remark 4.7, the map π1(∂Rkns )→ π1(M \R0) is injective. There-
fore, the disc Dns intersects R0.
Choose xns ∈ R0 ∩Dns and r0 =
1
2 min{i0, r}, where r := d
M (∂R0, ∂R1)
and i0 := infx∈R1(InjM (x)). Hence, the geodesic ball B(xns , r0) in M lies in
R1.
Define the constants C := infx∈R1 κ(x), K := supx∈R1 |KM | where KM is
the sectional curvature of (M,g). We apply [Lemma 1, Page 445] of [MY80]
to the minimal surface Dns ∩R1 in (R1, ∂R1) and obtain
Area(Dns ∩B(xns , r0)) ≥ C1(K, i0, r0).
This leads to a contradiction from Theorem 5.4 as follows:
2π ≥
∫
Σ
κdv ≥
∫
R1∩Σ
κdv ≥
∑
s
∫
Dns∩B(xns ,r0)
κdv
≥
∑
s
CArea(Dns ∩B(xNs , r0))
≥
∑
s
CC1 =∞
Therefore, we can conclude that there is an ascending subsequence of
{Dn}n.
From now on, we abuse the notation and write {Dn} for this ascending
subsequence.
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Step 2: π∞1 (M) is non-trivial.
Claim: There is an integer N so that for n ≥ N , (Dn \ Dn−1) ∩ R0 is
empty.
We argue by contradiction. Suppose that there exists a family {nl} of
increasing integers such that Dnl \Dnl−1 intersects R0.
Choose xl ∈ Dnl \Dnl−1 ∩ R0. Hence the geodesic ball B(xl, r0) in M is
contained in R1, where r0 is assumed as above. We again apply [Lemma 1,
Page 445] in [MY80] to the minimal surface Dnl \Dnl−1 ∩R1 in (R1, ∂R1).
Area((Dnl \Dnl−1) ∩B(xl, r0)) ≥ C1(K, i0, r0).
From Theorem 5.4, one gets a contradiction as follows:
2π ≥
∫
Σ
κdv ≥
∫
R1∩Σ
κdv
≥
∑
l
∫
(Dnl\Dnl−1 )∩B(xl ,r0)
κdv
≥
∑
l
CArea(B(xl, r0) ∩Dnl \Dnl−1)
≥ C
∑
l
C1 =∞
This proves Claim.
Therefore, for n > N , γn is homotopic to γN in M \ R0 and not nullho-
motopic in M \R0.
Because ∪kRk may not be equal to M , the sequence {γn}n>N of circles
may not go to infinity. For overcoming it, we choose a new family {γ′n}n>N
of circles going to infinity to replace it.
The map π1(∂Rkn ∩ Njkn ) → π1(∂Rkn) is surjective (See Theorem 4.6
and Definition 4.5). Hence, we can find a circle γ′n ⊂ ∂Njkn ∩ ∂Rkn which is
homotopic to γn in ∂Rkn . The sequence of circles {γ
′
n}n≥N goes to infinity.
The sequence {γ′n} also has the property that for n > N ,
• γ′n is homotopic to γ
′
n+1 in M \R0;
• γ′n is not nullhomotopic in M \R0.
From Remark 2.4, π∞1 (M) is not trivial. 
As a corollary, we have
Corollary 6.3. Let (M,g) be a complete Riemannian 3-manifold of positive
scalar curvature and {Rk}k a family of handlebodies with Property (H). If
π∞1 (M) is trivial, then any complete stable minimal surface in (M,g) has
the Vanishing property for {Rk}k.
Theorem 6.4. Let (M,g) be a complete Riemannian 3-manifold of positive
scalar curvature and a family of handlebodies {Rk}k with Property (H). If
each leaf in a lamination L is a complete (non-compact) stable minimal
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surface satisfying the Vanishing property for {Rk}k, then the lamination L
also has the Vanishing property for {Rk}k.
Proof. We argue by contradiction. Suppose that there exists a sequence
{Ltn} of leaves in L and a sequence {kn}n of increasing integers so that
some circle γn ⊂ Ltn ∩ ∂Rkn is not contractible in ∂Rkn for each n.
The leaf Ltn is a complete (non-compact) stable minimal surface. From
[Theorem 2, Page 211] in [SY82], it is diffeomorphic to R2. The circle γn
bounds a unique closed disc Dn ⊂ Ltn . Since γn is not nullhomotopic in
M \R0 (See Remark 4.7), the disc Dn intersects R0.
Step 1: The sequence {Ltn}n sub-converges smoothly with finite multiplicity.
Since each Ltn is a stable minimal surface, we use [Theorem 3, Page 122]
in [Sch83] to show that, for a fixed compact set K ⊂ M , there exists a
constant C1 = C1(K,M, g) satisfying that
|ALtn |
2 ≤ C1 on K ∩ Ltn
where |ALtn |
2 is the squared norm of the second fundamental form of Ltn .
From Theorem 5.4,
∫
Ltn
κdv ≤ 2π, hence
Area(K ∩ Ltn) ≤ 2π( inf
x∈K
κ(x))−1.
From Theorem 5.3, the sequence {Ltn}n smoothly sub-converges to a sub-
lamination L ′ of L with finite multiplicity (See Definition 5.1). In addition,
L ′ is also properly embedded (See Theorem 5.3).
The lamination L ′ may has infinitely many components. Let L ′′ ⊂ L ′
be a set of leaves intersecting R0. Since L
′ is properly embedded, L ′′ has
finitely many leaves.
Since each leaf Lt in L
′ is homeomorphic to R2, an embedded circle
γ ⊂ ∂Rk ∩ Lt bounds a unique disc D ⊂ Lt for k > 0.
If Lt is in L
′ \ L ′′, the intersection D ∩ R0 is empty. Namely, γ is
homotopically trivial in M \R0. Since the map π1(∂Rk) → π1(M \R0) is
injective for k > 0 (Remark 4.7), γ is contractible in ∂Rk.
Therefore, we can conclude that for any k > 0 and any leaf Lt ∈ L
′ \L ′′,
any circle in Lt ∩ ∂Rk is homotopically trivial in ∂Rk.
Step 2: The Vanishing property gives a contradiction.
From now on, we abuse the notation and write {Ltn} for a convergent
sequence. In addition, we assume the lamination L ′′ := ∐ms=1Lts (L
′′ has
finitely many leaves).
The Vanishing property gives an integer k(Lts) for Lts . For k ≥
∑m
s=1 k(Lts),
any circle in ∂Rk∩L
′′ is contractible in ∂Rk. From the above fact, for k > 0,
any closed curve in ∂Rk ∩L
′ \L ′′ is also homotopically trivial in ∂Rk.
Therefore, for any k ≥
∑m
s=1 k(Lts), any circle in ∂Rk∩L
′ is contractible
in ∂Rk.
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In the following, we fix the integer k ≥
∑m
s=1 k(Lts) and have the following
fact:
Claim: For n large enough, any circle in ∂Rk ∩ Ltn is homotopically
trivial in ∂Rk.
We may assume that L ′ intersects ∂Rk transversally. Since L
′ is properly
embedded, ∂Rk ∩ L
′ has finitely many components. Each component of
∂Rk ∩ L
′ is an embedded circle. Form the above fact, it is homotopically
trivial in ∂Rk. That is to say,
π1(∂Rk ∩L
′)→ π1(∂Rk) is a trivial map.
Choose an open tubular neighborhood U of L ′ ∩ ∂Rk in ∂Rk. It is
homotopic to ∂Rk ∩ L
′ in ∂Rk. Therefore, the map π1(U) → π1(∂Rk) is
also a trivial map.
Since {Ltn} converges to L
′, we has that Ltn ∩ ∂Rk is contained in U
for n large enough. Hence, the map π1(∂Rk ∩ Ltn) → π1(∂Nk) is trivial.
Namely, any circle in ∂Rk ∩ Ltn is contractible in ∂Rk. The claim follows.
The boundary γn ⊂ ∂Rkn of Dn is non-contractible in ∂Rkn . It is also
non-contractible in M \R0 (See Remark 4.7). If kn > k, we use Corollary
3.8 to find a meridian γ′ ⊂ Ltn ∩ ∂Rk of Rk. This is in contradiction with
the above claim. 
As a consequence, we have
Corollary 6.5. Let (M,g) be a Riemannian manifold of positive scalar
curvature and {Rk}k a family of handlebodies with Property (H). If π
∞
1 (M)
is trivial, then any complete stable minimal lamination in (M,g) has the
Vanishing property for {Rk}k.
7. Proof of the main Theorem
In this section, we will explain the proof of Theorem 1.1. We argue by
contradiction.
In Sections 7 and 8, we assume that some complete contractible 3-manifold
(M,g) of positive scalar curvature and trivial π∞1 (M) is not homeomorphic
to R3. As in Section 2, M is an increasing union of closed handlebodies
{Nk}k. We may assume that each Nk is homotopically trivial in Nk+1 and
none of the Nk is contained in a 3-ball (See Remark 2.2). In addition, the
genus of Nk is greater than zero, for k > 0.
From Lemma 3.9, each Nk has a system of meridians {γ
l
k}
g(Nk)
l=1 . As in
Section 5, we construct a laminations Lk := ∐lΩ
l
k ⊂ Nk. Each leaf Ω
l
k is a
disc with boundary γlk ⊂ ∂Nk. As described in Section 5.1, since N0 is not
contained in a 3-ball in M , the lamination Lk intersects N0.
The intersection Lk ∩Nk−1 is a stable minimal lamination in (M,g). By
a result of Colding-Minicozzi [CM04], this sequence {Lk} sub-converges to a
lamination L := ∪t∈ΛLt in (M,g). Each leaf Lt is a complete (non-compact)
stable minimal surface in (M,g). (See details in Section 5 of [Wan19].)
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Since (M,g) has positive scalar curvature, each leaf in L is a properly
embedded plane (See Theorem 5.4 and a result of Schoen and Yau [SY82]).
In the following, we study the lamination L and its relationship with the
Vanishing property.
Since π∞1 (M) is trivial, there is an ascending family {Rk}k of handlebodies
satisfying Property (H), so that
a) the lamination L has the Vanishing property for {Rk}k;
b) for each k and any Nj containing Rk, the intersection Lj ∩ ∂Rk has
at least one meridian of Rk.
The reason is as following: since M is not homeomorphic to R3, Theorem
4.6 gives the existence of {Rk}k. Since π
∞
1 (M) is trivial, Corollary 6.5 shows
that the lamination L has the Vanishing Property for this family.
None of the Rk is contained in a 3-ball (See Definition 4.5). Together
with Property (H), we use Corollary 3.10 to know that if Nj contains Rk,
the intersection Lj ∩ ∂Rk has at least one meridian of Rk.
Remark 7.1. In the following, our proof requires that ∂Rk intersects some
leaf Lt transversally. To overcome it , we will deform the handlebody Rk
in a small tubular neighborhood of ∂Rk so that the boundary of the new
handlebody intersects Lt transversally.
This new handlebody also satisfies a) and b). The reason is as follows:
For any handlebody R′k obtained by deforming Rk, the maps π1(∂R
′
k)→
π1(R′k \R0) and π1(∂R
′
k) → π1(M \R
′
k) are both injective. The proof of
a) and b) just depends on the injectivity of these two maps. Hence, the
handlebody R′k also holds a) and b).
From a), there is a family {Rk}k of handlebodies so that L has the
Vanishing property for {Rk}k. That is to say,
There is a integer k0 > 0 so that for any k ≥ k0 and any leaf Lt in L ,
any circle in Lt ∩ ∂Rk is contractible in ∂Rk.
This fact implies a covering lemma. We will prove it in Section 8.
Lemma 7.2. For any k ≥ k0, ∂Rk(ǫ)∩L is contained in a disjoint union of
finitely many closed discs in ∂Rk(ǫ), where Rk(ǫ) := Rk \Nǫ(∂Rk), Nǫ(∂Rk)
is some tubular neighborhood of ∂Rk in Rk.
Let us now explain the proof of Theorem 1.1.
Proof. Suppose that some complete contractible 3-manifold (M,g), with
positive scalar curvature and trivial π∞1 , is not homeomorphic to R
3. As
above, there is an ascending family {Rk}k of handlebodies with Property
(H), so that
a) the lamination L has the Vanishing property for {Rk}k;
b) for each k and any Nj containing Rk(ǫ), the intersection Lj ∩ ∂Rk(ǫ)
has at least one meridian of Rk(ǫ).
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The Vanishing property implies Lemma 7.2 (We will show it in Section
8). That is to say, the intersection L ∩ ∂Rk(ǫ) is in the union of disjoint
closed discs {Di}
s
i=1 for k ≥ k0.
Choose an open neighborhood U of the closed set L ∩ Rk+1 so that
U ∩ ∂Rk(ǫ) is contained in a disjoint union ∐
s
i=1D
′
i, where D
′
i is an open
tubular neighborhood of Di in ∂Rk(ǫ). Each D
′
i is an open disc in ∂Rk(ǫ).
Since Lk subconverges to L , there exists an integer j, large enough,
satisfying
• Lj ∩Rk+1 ⊂ U ;
• Rk(ǫ) is contained in Nj .
Therefore, Lj ∩ ∂Rk(ǫ) is contained in U ∩ ∂Rk(ǫ) ⊂ ∐D
′
i. The induced
map π1(Lj ∩ ∂Rk(ǫ)) → π1(∐iD
′
i) → π1(∂Rk(ǫ)) is a trivial map. We can
conclude that any circle in Lj ∩ ∂Rk(ǫ) is contractible in ∂Rk(ǫ).
However, from b), there exists a meridian γ ⊂ Lj ∩∂Rk(ǫ) of Rk(ǫ). This
contradicts the last paragraph and finishes the proof of Theorem 1.1. 
8. The proof of Lemma 7.2
This section is similar to Section 7 of [Wan19]. In order to prove Lemma
7.2, we will introduce a set S and prove its finiteness which will imply Lemma
7.2. We begin with two topological lemmas.
Lemma 8.1. Let (Ω, ∂Ω) ⊂ (N, ∂N) be a 2-sided embedded disc with some
closed sub-discs removed, where N is a closed handlebody of genus g > 0.
Each circle γi is contractible in ∂N , where ∂Ω = ∐iγi. Then N \Ω has two
connected components. Moreover, there is a unique component B satisfying
that the induced map π1(B)→ π1(N) is trivial.
We will show the lemma in Appendix A.
Lemma 8.2. Let (Ω1, ∂Ω1) and (Ω2, ∂Ω2) be two disjoint surfaces as as-
sumed in Lemma 8.1. For each t = 1, 2, N \Ωt has a unique component Bt
with the property that the map π1(Bt) → π1(N) is trivial. Then one of the
following holds:
(1) B1 ∩B2 = ∅;
(2) B1 ⊂ B2;
(3) B2 ⊂ B1.
The proof is the same as the proof of Lemma 7.2 in [Wan19].
8.1. Definition of the set S.
8.1.1. Setting up. We assume that (M,g) is a complete Riemannian 3-manifold
with positive scalar curvature and trivial π∞1 (M) but not homeomorphic to
R
3. As in Section 2, we may assume thatM is an increasing union of {Nk}k
and N0 is not contained in a 3-ball.
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As in Section 5.1, there exists a family {Lk}k of laminations sub-converging
to a lamination L := ∐t∈ΛLt in (M,g). Each leaf Lt is a complete (non-
compact) stable minimal surface in (M,g). From [Theorem 2, Page 211] in
[SY82] and Theorem 5.4, it is a properly embedded plane. (See the details
in Section 5.)
As in Section 7, there is an ascending family {Rk}k of handlebodies sat-
isfying Property (H). We recall that the lamination L has the Vanishing
property for {Rk}k. That is to say,
there is a positive integer k0 so that for each k ≥ k0 and each t ∈ Λ, each
circle in Lt ∩ ∂Rk is contractible in ∂Rk.
In this following, we will work on the open handlebody Int Rk and con-
struct the set S, for a fixed integer k ≥ k0.
8.1.2. The element in S. Let {Σti}i∈It be the set of components of Lt∩Int Rk
for each t ∈ Λ. (It may be empty.) We will show that for each component
Σti, Rk \ Σ
t
i has a unique component B
t
i satisfying that π1(B
t
i )→ π1(Rk) is
trivial.
If Lt intersects ∂Rk transversally, the boundary ∂Σ
t
i ⊂ Lt ∩ ∂Rk is the
union of some disjointly embedded circles. From the Vanishing property,
any circles in the boundary ∂Σti ⊂ Lt ∩ ∂Rk is contractible in ∂Rk.
In addition, since Lt is homeomorphic to R
2, Σti is homeomorphic to an
open disc with some disjoint closed subdiscs removed. By Lemma 8.1, Rk\Σti
has a unique component Bti satisfying that π1(B
t
i )→ π1(Rk) is trivial.
In general, Lt may not intersect ∂Rk transversally. To overcome it, we will
deform the surface ∂Rk. Precisely, for the leaf Lt, there is a new handlebody
R˜k(ǫt) containing Rk so that Lt intersects ∂R˜(ǫt) transversally, where R˜k(ǫt)
is a closed tubular neighborhood of Rk in M .
We consider the component Σ˜ti of Lt∩IntR˜k (ǫt) containing Σ
t
i. As above,
R˜k (ǫt)\Σ˜ti has a unique component B˜
t
i so that the map π1(B˜
t
i )→ π1(R˜k(ǫt))
is trivial.
Choose the component Bti of B˜
t
i ∩Rk whose boundary contains Σ
t
i. It is a
component of Rk \Σti. In addition, the map π1(B
t
i)→ π1(B˜
t
i )→ π1(R˜k(ǫt))
is trivial. Since Rk and R˜k(ǫt) are homotopy equivalent, the map π1(B
t
i )→
π1(Rk) is also trivial. This finishes the construction of B
t
i .
8.1.3. The properties of S. From Lemma 8.2, for any Bti and B
t′
i′ , it holds
one of the following
(1) Bti ∩B
t′
i′ = ∅;
(2) Bti ⊂ B
t′
i′ ;
(3) Bt
′
i′ ⊂ B
t
i ,
where t, t′ ∈ Λ, i ∈ It and i
′ ∈ It′ .
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Therefore, ({Bti}t∈Λ,i∈It ,⊂) is a partially ordered set. We consider the set
{Bj}j∈J of maximal elements. However this set may be infinite.
Definition 8.3. S := {Bj |Bj ∩Rk(ǫ/2) 6= ∅, for any j ∈ J}, where Rk(ǫ/2)
is Rk \Nǫ/2(∂Rk) and Nǫ/2(∂Rk) is a 2-sided tubular neighborhood of ∂Rk
with radius ǫ/2.
Proposition 8.4. Let Σti be one component of Lt ∩ Int Rk and B
t
i assumed
as above. If Bti is an element in S, then Σ
t
i ∩Rk(ǫ/2) is nonempty.
The proof is the same as Proposition 7.4 of [Wan19].
Proposition 8.5. Rk(ǫ)∩L ⊂
⋃
Bj∈S
Bj∩Rk(ǫ). Moreover, ∂Rk(ǫ)∩L ⊂⋃
Bj∈S
Bj ∩ ∂Rk(ǫ).
The proof is the same as Proposition 7.5 of [Wan19].
8.2. The finiteness of the set S. The set ∂Bj∩IntRk equals some Σ
t
i ⊂ Lt
for t ∈ Λ. Let us consider the set St := {Bj ∈ S|∂Bj ∩ Int Rk ⊂ Lt}. Then,
S = ∐t∈ΛSt. Note that each Bj ∈ St is a B
t
i for some i ∈ It.
In this subsection, we first show that each St is finite. Then, we argue
that {St}t∈Λ contains at most finitely many nonempty sets. These imply
the finiteness of S.
Lemma 8.6. Each St is finite.
Proof. We argue by contradiction. Suppose that St is infinite for some t.
For each Bj ∈ St, there exists a i ∈ It so that Bj is equal to B
t
i , where
Bti is a component of Rk \ Σ
t
i and Σ
t
i is one component of Lt ∩ Int Rk. By
Proposition 8.4, Σti ∩Rk(ǫ/2) is nonempty.
Choose xj ∈ Σ
t
i∩Rk(ǫ/2) and r0 =
1
2 min{ǫ/2, i0}, where i0 := infx∈Rk InjM (x).
Then the geodesic ball B(xj, r0) in M is contained in Rk.
We apply [Lemma 1, Page 445] in [MY80] to the minimal surface (Σti, ∂Σ
t
i) ⊂
(Rk, ∂Rk). One knows that,
Area(Σti ∩B(xj, r0)) ≥ C(r0, i0,K)
where K = supx∈Rk |KM |. This leads to a contradiction from Theorem 5.4
as below:
2π ≥
∫
Lt
κ(x)dv ≥
∑
Bj∈St
∫
Σti
κ(x)dv ≥
∑
Bj∈St
∫
Σti∩B(xj ,r0)
κ(x)dv
≥ inf
x∈Rk
(κ(x))
∑
Bj∈St
Area(B(xj , r0) ∩Σ
t
i)
≥ C inf
x∈Rk
(κ(x))|St| =∞
This finishes the proof. 
Lemma 8.7. {St}t∈Λ contains at most finitely many nonempty sets.
28 JIAN. WANG
Proof. We argue by contradiction. Suppose that there exists a sequence
{Stn}n∈N of nonempty sets. For an element Bjtn ∈ Stn , there is some in ∈ Itn
so that Bjtn equals B
tn
in
where Btnin is one component of Rk \Σ
tn
in
and Σtnin is
one of components of Ltn ∩ Int Rk. Note that π1(B
tn
in
)→ π1(Rk) is trivial.
By Proposition 8.4, Σtnin ∩ Rk(ǫ/2) is not empty. Pick a point ptn in
Σtnin ∩Rk(ǫ/2).
Step1: {Ltn} subconverges to a lamination L
′ ⊂ L with finite multiplicity.
Since Ltn is a stable minimal surface, by [Theorem 3, Page122] in [Sch83],
for any compact set K ⊂ M , there is a constant C1 := C1(K,M, g) such
that
|ALtn |
2 ≤ C1 on K ∩ Ltn .
From Theorem 5.4,
∫
Ltn
κ(x)dv ≤ 2π. Hence,
Area(K ∩ Ltn) ≤ 2π( inf
x∈K
κ(x))−1.
We use Theorem 5.3 to find a sub-sequence of {Ltn} subconverging to
a properly embedded lamination L ′ with finite multiplicity. Since L is a
closed set in M , L ′ ⊂ L is a sublamination.
From now on, we abuse notation and write {Ltn} and {ptn} for the con-
vergent subsequence.
Step 2: {Σtnin} converges with multiplicity one.
Let Lt∞ be the unique component of L
′ passing through p∞, where p∞ =
limn→∞ ptn . The limit of {Σ
tn
in
} is the component Σ∞ of Lt∞ ∩ Rk passing
through p∞, where Σ
tn
in
is the unique component of Rk ∩Ltn passing though
ptn .
Let D ⊂ Lt∞ be a simply-connected subset satisfying Σ∞ ⊂ D. (Its
existence is ensured by the fact that L∞ is homeomorphic to R
3.) Since
{Ltn} smoothly converges to Lt∞ with finite multiplicity, there exists ǫ1 > 0
and an integer N such that
Σtnin ⊂ D(ǫ1), for n > N,
where D(ǫ1) is the tubular neighborhood of D with radius ǫ1 in M . (See
Definition 5.1.)
Let π : D(ǫ1) → D be the projection. From Remark 5.2, we know that
for n large enough, the restriction of π to each component of Ltn ∩D(ǫ1) is
injective.
POSITIVE SCALAR CURVATURE II 29
Lt∞
Σ∞
Σtnin
BΣ∞(p∞)
π−1(BΣ∞(p∞)) ∩ Σ
tn
in
Figure 3.
Hence, π|Σtnin
: Σtnin → D is injective. That is to say, Σ
tn
in
is a normal graph
over a subset of D. Therefore, {Σtnin} converges to Σ∞ with multiplicity one
(See Definition 5.1). That is to say, there is a geodesic disc BΣ∞(p∞) ⊂ Σ∞
centered at p∞ with small raduis so that
(∗∗): the set π−1(BΣ∞(p∞)) ∩Σ
tn
in
is connected and a normal graph over
BΣ∞(p∞), for large n.
Step 3: Get a contradiction.
There exists a neighborhood U of p∞ and a coordinate map Φ, such that
each component of Φ(L ∩ U) is R2 × {x} ∩ Φ(U) for some x ∈ R. (See
the definition of the Lamination in [Appendix B, [CM04]].) Choose the disc
BΣ∞(p∞) and ǫ1 small enough such that π
−1(BΣ∞(p∞)) ⊂ U . We may
assume that U = π−1(BΣ∞(p∞)).
From (∗∗), Σtnin ∩U ⊂ Ltn is connected and a graph over B
Σ∞(p∞), for n
large enough. Since ∂Bjtn ∩ U ⊂ Ltn equals Σ
tn
in
∩ U , it is also connected.
Therefore Φ(∂Bjtn ∩ U) is the set R
2 × {xtn} ∩ Φ(U) for some xtn ∈ R. In
addition, Φ(Σ∞ ∩ U) equals R
2 × {x∞} ∩ Φ(U) for some x∞ ∈ R. Since
lim
n→∞
ptn = p∞, we have limn→∞
xtn = x∞.
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x∞
xtn′
xtn
x∞
xtn′
xtn
Φ(U)
Φ(U ∩Bjtn )Φ(U)
Φ(U ∩Bjtn )
Figure 4.
The set U \∂Bjtn has two components. Therefore, Φ(Bjtn ∩U) is Φ(U)∩
{x|x3 > xtn} or Φ(U)∩{x|x3 < xtn}. For n large enough, there exists some
n′ 6= n such that R2 × {xtn′ } ∩ Φ(U) ⊂ Φ(Bjtn ∩ U). This implies that
Bjtn ∩Bjtn′
is non-empty.
Since S consists of maximal elements in ({Bti},⊂), the set Bjtn ∩ Bjtn′
must be empty which leads to a contradiction. This finishes the proof. 
8.3. The finiteness of S implies Lemma 7.2. We will explain how to
deduce Lemma 7.2 from the finiteness of S.
Proof. Since S is finite , we may assume that ∂Bj intersects ∂Rk(ǫ) transver-
sally for each Bj ∈ S. Remark that each Bj is equal to some B
t
i and
∂Bj ∩ ∂Rk(ǫ) equals Σ
t
i ∩ ∂Rk(ǫ). Since each Σ
t
i is properly embedded,
{ci}i∈I := ∂Rk(ǫ) ∩ (∪Bj∈S∂Bj) has finitely many components. Each com-
ponent is an embedded circle.
The Vanishing property of L and Remark 7.1 show that each ci is con-
tractible in ∂Rk(ǫ) and bounds a unique closed disc Di ⊂ ∂Rk(ǫ) (since
k ≥ k0). The set (Di,⊂) is a partially ordered set. Let {Dj′}j′∈J ′ be the set
of maximal elements. The set J ′ is finite .
Since the boundary of ∂Rk(ǫ) ∩Bj is a subset of ∂Bj ∩ ∂Rk(ǫ) ⊂ ∐i∈Ici,
it is contained in ∐j′∈J ′Dj′ for each Bj ∈ S.
Next we show that for any Bj ∈ S, ∂Rk(ǫ)∩Bj is contained in ∐j′∈J ′Dj′ .
If not, ∂Rk(ǫ) \ ∐j′∈J ′Dj′ is contained in ∂Rk(ǫ) ∩ Bj for some Bj ∈ S.
This implies that the composition of two maps π1(∂Rk(ǫ) \ (∐j′∈J ′Dj′)) →
π1(Bj) → π1(Rk) is not a zero map. However, the induced map π1(Bj) →
π1(Rk) is trivial. This is impossible. We conclude that for each Bj ∈ S,
∂Rk(ǫ) ∩Bj is contained in ∐j′∈J ′Dj′ .
Therefore, ∪Bj∈SBj∩∂Rk(ǫ) is contained in ∐j′∈J ′Dj′ . From Proposition
8.5, L ∩ ∂Rk(ǫ) is contained in a disjoint union of finite discs {Dj′}j′∈J ′ .
This completes the proof. 
Appendix A
Lemma 8.1 Let (Ω, ∂Ω) ⊂ (N, ∂N) be a 2-sided embedded disc with some
closed sub-discs removed, where N is a closed handlebody of genus g > 0.
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Each circle γi is contractible in ∂N , where ∂Ω = ∐iγi. Then N \Ω has two
connected components. Moreover, there is a unique component B satisfying
that the induced map π1(B)→ π1(N) is trivial.
Proof. As in the proof of Lemma 7.1 in [Wan19], we can conclude that Ω
cuts N into two components, B1 and B2.
Remark that each embedded circle γi is contractible in ∂N and bounds a
unique closed disc Di ⊂ ∂N . Let us consider the surface Ωˆ := Ω
⋃
(∪γiDi).
It is an immersed 2-sphere in N . This induces that the map π1(Ω)→ π1(Ωˆ)
is trivial map. Therefore, the map π1(Ω)→ π1(N) is trivial.
In the following, we show the existence of B.
Consider the partially ordered relationship over {Di} induced by inclu-
sion. Therefore, ∪iDi is equals to a disjoint union of maximal elements in
({Di},⊂). The set ∂N \∪iDi is a compact surface with some disjoint closed
sub-discs removed.
Therefore, the induced map π1(∂N \ ∪iDi)→ π1(∂N) is surjective. The
induced map π1(∂N)→ π1(N) is also surjective. We can conclude that the
composition of these two maps π1(∂N \ ∪iDi)→ π1(N) is also surjective.
The set ∂N \ ∪iDi is contained in one of the two components, B1 and
B2, of N \ Ω. Without loss of generality, we may assume that B1 contains
∂N \ ∪iDi. From above, we know that the induced map π1(B1)→ π1(N) is
surjective.
Let Gi be the image of the map π1(Bi)→ π1(N). Van-Kampen’s Theorem
gives an isomorphism between π1(N) and π1(B1) ∗π1(Ω) π1(B2). Since the
image of π1(Ω)→ π1(N) is trivial, π1(N) is isomorphic to G1∗G2. Grushko’s
Theorem [Gru40] shows that rank(G1) + rank(G2) = rank(π1(N)). (The
rank of a group is the smallest cardinality of a generating set for the group.)
From the last paragraph, the image, G1, of the map π1(B1) → π1(N) is
isomorphic to π1(N). That is to say, rank(G1) = rank(π1(N)). Therefore,
rank(G2) is equal to zero. That is to say, G2 is a trivial group. We know
that B := B2 is the required candidate in the assertion.
The uniqueness is the same as the genus one case (See the detail in
[Wan19]). 
Appendix B
Theorem 5.4 Let (M,g) be a complete oriented 3-manifold with positive
scalar curvature κ(x). Assume that Σ is a complete (non-compact) stable
minimal surface in M . Then, one has,
∫
Σ
κ(x)dv ≤ 2π,
where dv is the volume form of the induced metric ds2 over Σ. Moreover, if
Σ is an embedded surface, then Σ is proper.
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Proof. By [Theorem 2, Page 211] in [SY82], Σ is conformally diffeomorphic
to R2.
Let us consider the Jacobi operator L := ∆Σ−KΣ+(κ(x)+
1
2 |A|
2), where
KΣ is the Gaussian curvature of the metric ds
2 and ∆Σ is the Laplace-
Beltrami operator of (Σ, ds2). From [Theorem 1, Page 201] in [FCS80],
there exists a positive function u on Σ satisfying L(u) = 0, since Σ is a
stable minimal surface.
Consider the metric ds˜2 := u2ds2. Let K˜Σ be its sectional curvature and
dv˜ its volume form. We know that
K˜Σ = u
−2(KΣ −∆ log u) and dv˜ = u
2dv.
By Fischer-Colbrie’s work [Theorem 1, Page 126] in [Fis85], (Σ, ds˜2) is a
complete surface with non-negative sectional curvature K˜Σ ≥ 0. By the
Cohn-Vossen inequality [Coh35], one has
∫
Σ
K˜Σdv˜ ≤ 2πχ(Σ),
where χ(Σ) is the Euler characteristic of Σ.
Since L(u) = 0, one has that
∫
BΣ(0,R) L(u)u
−1dv = 0, where BΣ(0, R) is
the geodesic ball in (Σ, ds2) centered at 0 ∈ Σ with radius R. We deduce
that ∫
BΣ(0,R)
κ(x) +
1
2
|A|2dv =
∫
BΣ(0,R)
(KΣ − u
−1∆ u)dv
=
∫
BΣ(0,R)
KΣ − (∆ log u+ u
−2|∇u|)dv
≤
∫
BΣ(0,R)
u−2(KΣ −∆log u)u
2dv
=
∫
BΣ(0,R))
K˜Σdv˜
≤
∫
Σ
K˜Σdv˜
We know that χ(Σ) = 1, since Σ is diffeomorphic to R2. Combining these
two inequalities above and taking R→∞, we have that,∫
Σ
κ(x) +
1
2
|A|2dv ≤ 2π.
Suppose that Σ is not proper. There is an accumulation point p of Σ
so that the set B(p, r/2) ∩ Σ is a non-compact closed set in Σ. Namely,
it is unbounded in (Σ, ds2). Hence, there is a sequence{pk} of points in
Σ ∩B(p, r/2) going to infinity in (Σ, ds2).
Therefore, we may assume that the geodesic discs {BΣ(pk, r/2)}k in Σ
are disjoint.
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Define two constants r0 :=
1
2 min{r, i0} and K := supx∈B(p,r) |KM (x)|
where i0 := infx∈B(p,r) InjM (x) and KM is the sectional curvature. The
geodesic disc BΣ(pk, r0/2) is in B(p, r).
Applying [Theorem 3, Appendix, Page 139] of [Fre96] to the geodesic disc
BΣ(pk, r0/2) ⊂ B(p, r), we have
Area(BΣ(pk, r0/2)) ≥ C(i0, r0,K).
This leads to a contradiction as follows:
2π ≥
∫
Σ
κ(x)dv ≥
∫
B(p,r)∩Σ
κ(x)dv
≥
∑
k
∫
BΣ(pk,r0/2)
κ(x)
≥ inf
x∈B(p,r)
κ(x) ·
∑
k
Area(BΣ(pk, r0/2))
≥ inf
x∈B(p,r)
κ(x) ·
∑
k
C =∞

Appendix C: Example
There are infinitely many mutually non-homeormorphic contractible 3-
manifolds with non-trivial fundamental group at infinity. In this Appendix,
we construct such a 3-manifold M and analyse its topology. We will prove
that this 3-manifold has no complete metric of positive scalar curvature.
C.1 The construction of M . Before constructing the 3-manifold, let
us introduce a notation. A handlebody N ⊂ S3 of genus g is said to be
unknotted in S3 if its complement in S3 is a handlebody of genus g.
Wk
Wk+1
Figure 5.
Choose an unknotted handlebody W0 ⊂ S
3 of genus two. Take a second
handlebody W1 ⊂ Int W0 of genus two which is a tubular neighborhood of
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the curve in Figure 5. Then, embed another handlebody W2 of genus two
insideW1 in the same way as W1 lies in W0 and so on infinitely many times.
Therefore, we obtain a decreasing family {Wk} of handlebodies of genus two.
The manifold M is defined as M := S3 \ ∩∞k=0Wk. It is a non-compact
manifold without boundary.
γkNk+1Kk
γk+1
Figure 6.
We know that each Wk is unknotted in S
3. That is, the complement Nk
of Wk in S
3 is a handlebody of genus two. Therefore, M can be written as
an increasing union of handlebodies {Nk}k of genus two. Furthermore, each
Nk lies in Nk+1 as in Figure 6. (The set Kk is the core of Nk.)
Each Nk is homotopically trivial in Nk+1. We can conclude that M is a
contractible 3-manifold.
C.2 The topological property of M . In this part, we first show that the
fundamental group at infinity of M is non-trivial. As a consequence, M is
not homeomorphic to R3. In the manifold M , there is a properly embedded
plane. This plane cuts M into two Whitehead manifolds.
First, we see from Figure 5 that Wk is an effective handlebody relative to
Wk+1 for each k. From Lemma 3.5, the map π1(∂Wk)→ π1(Wk \Wk+1) is
injective. In addition, the set Wk \Wk+1 is equal to Nk+1 \Nk. Therefore,
we conclude that for each k, the map π1(∂Nk)→ π1(Nk+1 \Nk) is injective.
Second, from Figure 6, we show that each Nk+1 is an effective handlebody
relative to Nk. By Lemma 3.5, the map π1(∂Nk+1) → π1(Nk+1 \Nk) is
injective.
As in the genus one case, for each k, the maps π1(∂Nk) → π1(M \Nk)
and π1(∂Nk) → π1(Nk \N0) are both injective. That is to say, the family
{Nk} has Property (H).
Pick the splitting meridian γk ⊂ ∂Nk as in Figure 6 . From Figure 6, for
each k, γk is homotopic to γk+1 in Nk+1 \Nk. Since {Nk} satisfies Property
(H), the map π1(∂Nk)→ π1(M \N0) is injective (See Remark 4.7). That is
to say, for k > 0, γk is non-contractible in M \N0.
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From Remark 2.4, the sequence of {γk} gives a non-trivial element in
π∞1 (M). Since π
∞
1 (M) is non-trivial, M is not simply-connected at infinity.
In particular, M is not homeomorphic to R3.
Next, we construct the properly embedded plane in M from the sequence
{γk}k.
Choose an embedded annulus Ak ⊂ Nk+1 \Nk with boundary γk ∐ γk+1.
Let D0 ⊂ N0 be a meridian disc with boundary γ0. We define the plane P
as
P := ∪k≥0Ak ∪D0.
The plane P cuts M into two contractible 3-manifolds M ′ and M ′′. In
addition, the intersection P ∩ Nk is a splitting meridian disc of Nk with
boundary γk.
N ′k
N ′k+1
Figure 7.
From the sequence {Nk}, we obtain two increasing families, {N
′
k} and
{N ′′k }, of solid tori in M satisfying that
• M ′ = ∪kN
′
k and M
′′ = ∪kN
′′
k ;
• the set Nk \ (N
′
k ∐ N
′′
k ) is a tubular neighborhood of the meridian
disc P ∩Nk.
Furthermore, each N ′k is embedded into N
′
k+1 as in Figure 7. We see that
M ′ is homeomorphic to the Whitehead manifold. Similarly, the contractible
3-manifoldM ′′ is also homeomorphic to the Whitehead manifold. Therefore,
P cuts M into two Whitehead manifolds.
C.3 The existence of PSC metrics. In this part, we show that the
manifold M has no complete metric of positive scalar curvature.
We argue by contradiction. Suppose that M has a complete metric of
positive scalar curvature. As in Section 5.1, there is a family of laminations
{Lk}k sub-converging toward a stable minimal lamination L := ∪t∈ΓLt.
Since π∞1 (M) is non-trivial, some leaf in L may not satisfy the Vanishing
property for {Nk}k. To overcome it, we attempt to find a new family of
handlebodies with Property (H).
We know that M ′ = ∪kN
′
k is homeomorphic to the Whitehead mani-
fold. The geometric index I(N ′k, N
′
k+1) is equal to 2. (See Section 2 of
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[Wan19]). From Lemma 2.10 of [Wan19], the maps π1(∂N
′
k)→ π1(M \N
′
0)
and π1(∂N
′
k)→ π1(N
′
k \N
′
0) are both injective. Therefore, the family {N
′
k}
satisfies Property (H).
In addition, each leaf Lt in L satisfies Property P (See Definition 3.3 of
[Wan19]). That is to say, for any circle γ ⊂ Lt ∩ ∂N
′
k, one of the following
holds:
• γ is contractible in ∂N ′k;
• for l ≤ k, D ∩ Int N ′l has at least I(N
′
l , N
′
k) components intersecting
N0
where D ⊂ Lt is the unique disc with boundary γ and the geometric index
I(N ′l , N
′
k) is equal to 2
k−l.
In the following, we just consider the geometry of the leaves intersecting
M ′. As Lemma 6.1 of [Wan19], we know the following claim.
Claim: L satisfies the Vanishing property for {N ′k}k.
The proof of this claim is the same as Lemma 6.1 of [Wan19]. Let us
explain the proof of the claim.
We prove by contradiction. We suppose that there exists a sequence of
increasing integers {kn}n such that :
for each kn, there exists a minimal surface Ltn in {Lt}t∈Λ and an em-
bedded curve ckn ⊂ Ltn ∩ ∂N
′
kn
which is not contractible in ∂N ′kn.
Since lim
n→∞
kn =∞, lim
n→∞
I(N ′1, N
′
kn
) =∞.
Since (M,g) has positive scalar curvature, Ltn is homeomorphic to R
2.
Then, there exists a unique disc Dn ⊂ Ltn with boundary ckn . From the
above property, we see that Dn ∩ N
′
1 has at least I(N
′
1, N
′
kn
) components
intersecting N0, denoted by {Σj}
m
j=1.
Define the constants r := dM (∂N ′0, ∂N
′
1), C := infx∈N ′1 κ(x), K := supx∈N ′1 |KM |
and i0 := infx∈N ′
1
(InjM (x)) , where KM is the sectional curvature of (M,g)
and InjM (x) is the injective radius at x of (M,g).
Choose r0 =
1
2 min{i0, r} and xj ∈ Σj ∩N
′
0, then B(xj , r0) is in N
′
1. We
apply [Lemma 1, Page 445] in [MY80] to the minimal surface (Σj, ∂Σj) ⊂
(N ′1, ∂N
′
1). Hence, one has that
Area(Σj ∩B(xj, r0)) ≥ C1(K, i0, r0).
From Theorem 5.4, we have:
2π ≥
∫
Ltn
κ(x)dv ≥
m∑
j=1
∫
Σj
κ(x)dv ≥
m∑
j=1
∫
Σj∩B(xj ,r0)
κ(x)dv
≥
m∑
j=1
CArea(Σj ∩B(xj, r0))
≥ CC1m ≥ CC1I(N
′
1, N
′
kn)
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This contradicts the fact that lim
n→∞
I(N ′1, N
′
kn
) =∞ and completes the proof
of the claim.
In addition, since none of the N ′k is contained in a 3-ball, we use Corollary
3.10 to know that if Nj contains N
′
k, the intersection Lj ∩ ∂N
′
k has at least
one meridian of Rk.
To sum up, the family {N ′k}k satisfies a) and b) in Section 7. That is to
say,
a) L satisfies the Vanishing property for {N ′k}k;
b) if the handlebody Nj contain N
′
k, the intersection Lj ∩ ∂N
′
k has at
least one meridian of N ′k.
The remaining proof is the same as the proof of Theorem 1.1 in Sections
7 and 8.
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